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Abstract. In this work we focus on approximations of continuous harmonic functions by discrete harmonic functions based on the discrete
Laplacian in a triangulation of a point set. We show how the choice of
edge weights based on generalized barycentric coordinates influences the
approximation quality of discrete harmonic functions. Furthermore, we
consider a varying point set to demonstrate that generalized barycentric
coordinates based on natural neighbors admit discrete harmonic functions that continuously depend on the point set.
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Introduction

Harmonic functions are defined by a vanishing Laplacian and can be computed
as the unique solution of the Laplace equation with given boundary conditions
[1]. Discrete harmonic functions are defined in a broader, abstract sense on general graphs [2]. If the nodes of the graph are points in the plane and the edges
arise from a triangulation, the discrete harmonic function is a discretization of
its continuous counterpart. The discrete Laplacian, characterizing a discrete harmonic function, is now defined as a linear combination of the function values at a
point and at its one-ring neighbors in the triangulation. Given a point set, both
the triangulation and the coefficients (edge weights) in the linear combination
can be chosen freely, thus influencing the quality of the discrete approximation
of harmonic functions.
There exist many approaches to triangulate point sets, driven by as many
different objectives [3]. For points that have no further attributes than their
position in space, the Delaunay triangulation is a widely adopted method to
produce an almost unique triangulation whose properties are beneficial in may
applications.
The definition of edge weights in an effort to discretize the Laplacian has
received considerable attention in the past. In surface mesh processing and finite element methods, cotangent coordinates, also known as discrete harmonic
coordinates, are a well-known method, see e.g. [4, 5]. In the planar case, which
is the focus of this paper, generalized barycentric coordinates of the points with
respect to their one-ring neighborhood in the triangulation also provide good

approximations of the Laplacian. Generalized barycentric coordinates have been
thoroughly studied for convex polygons [6], and have also been successfully derived for arbitrary polygons [7].
For point sets without explicit connectivity, the Voronoi diagram allows the
definition of natural neighbor coordinates, which are generalized barycentric coordinates with various degrees of smoothness in an automatic neighborhood [8].
The duality of the Voronoi diagram and the Delaunay triangulation allows the
comparison of natural neighbor coordinates to other generalized barycentric coordinates above. Three such natural neighbor coordinate methods are known as
the C 0 -smooth Non-Sibsonian coordinates [9–11], C 1 -smooth Sibson coordinates
[12], and C 2 -smooth Hiyoshi standard coordinates [13].
Overview: We will start with the definition of discrete harmonic functions in
Section 2, and revisit their computation in Section 3. In Section 4, we introduce
six methods to compute generalized barycentric coordinates defined for polygons
and arbitrary point sets in order to discretize the Laplacian. Section 5 compares
discrete harmonic functions computed with the six discretizations in terms of
approximation quality and suitability for spatially varying input data before
concluding in Section 6.
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Discrete Laplacian on Triangulations

A triangulation of a set of non-collinear points X = (x1 , . . . , xn ) ∈ R2 is a partition of the convex hull C (X) into triangles (xa , xb , xc ) with edges eab , ebc , eca ∈
E. The pair (X, E) is a directed, planar straight line graph with two directions
on each non-boundary edge. The set of outgoing edges for a point xi defines its
one-ring neighborhood N (xi ) = {xj |∃eij ∈ E}.
To minimize the arbitrariness in the choice of E, we choose the Delaunay
triangulation Del(X) such that (X, E) = Del(X). The circumcircle of a triangle
in Del(X) does not contain any point from X in its interior, a property that
uniquely and implicitly determines it up to ambiguous diagonals in the case of
cocircular points [3].
Assume for now that we know weights λij ∈ Λ, λij ≥ 0 for every edge eij
and denote by G = (X, E, Λ) the directed, weighted graph represented by the
triangulation. Then, we consider scalar-valued functions fi := f (xi ) on X and
define the discrete Laplacian on G.
Definition 1 (Discrete Laplacian ∆). On a connected, weighted graph G =
(X, E, Λ) we define the discrete Laplacian of f at xi as
∆fi :=

X

λij (fj − fi ).

(1)

xj ∈N (xi )

The discrete Laplacian directly allows the definition of the local discrete harmonic property and discrete harmonic functions.

Definition 2 (Harmonic at a Point; Pole). Let G = (X, E, Λ) be a connected, weighted graph with λij ≥ 0. A function f : X → R is called harmonic
at node xi , if
∆fi = 0.
(2)
Otherwise f is said to have a pole at xi .
Definition 3 (Discrete Harmonic Function). Denote by P ⊆ X the set of
poles for a function f : X → R, and by H = X \ P the set of nodes at which f
is harmonic. Then, f is called a discrete harmonic function with poles P on G.
It is clear from the definition, that each non-constant discrete harmonic function has at least two poles, i.e. at its minimum and maximum, since the function cannot be harmonic
there. The later use of generalized barycentric coordinates motivates the identification of H with interior points, which are
contained in the convex hull of their neighborhood, and of P
with boundary points,
H := {xi |xi ∈ C (N (xi ))},

P := X \ H.

C (X)

∈H
∈P

Fig. 1.

Note that there can be points in H ∩ ∂C (X), see Figure 1. Finally, the following
theorem ensures a unique solution for f based on given boundary conditions.
Theorem 1. Let G = (X, E, Λ) be a weighted, directed graph with λij ≥ 0. For
every set P = X \H, and every function f |P : P → R, there is a unique function
f |H : H → R such that f |X : X → R is a discrete harmonic function with poles
P on G.
For a proof, see [14].
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Discrete Harmonic Functions

Recall that continuous harmonic functions are the unique solution to the Laplace
equation on a domain Ω with boundary condition u,
∆f = 0,

s.t. f |

∂Ω

= u.

Analogously, f |H is the unique discrete harmonic extension of f |P to f on G,
i.e. f |H is the solution to the discrete Laplace equation with boundary condition
f |P ,
∆fi = 0,
s.t.

fi = u(vi ),

for vi ∈ H,
for vi ∈ P.

Using the abbreviation fX = (fH , fP ) ∈ Rn for the column vector of fi for all
xi ∈ X and analogously fH ∈ Rm , fP ∈ R(n−m) , the Laplace operator ∆fH
can be written, with appropriate reordering of X, as


f
∆fH = fH − SfX = [(I − S H ) S P ] H = (I − S H )fH + S P fP ,
fP

where S ∈ Rm×n with Sij = λij if vi ∈ H and vj ∈ V , and Sij = 0 otherwise,
and S = [S H S P ] is the partition into S H ∈ Rm×m and S P ∈ Rm×(n−m) . Setting
∆fH = 0 and solving for fH yields
fH = (I − S H )−1 S P fP .
|
{z
}
=: M
We see that M is only defined if (I − S H ) is invertible, which follows directly
from Theorem 1 for positive weights.
Remark 1. The existence of M is also guaranteed by I − S H being weakly diagonally dominant and irreducible. See [15] for a proof.
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Local Coordinates

We have defined Del(X) and presented the computation of the discrete harmonic
function fH from fP under the assumption that λij ≥ 0 are known. We now turn
our attention to the computation of λij from generalized barycentric coordinates.
By definition, xi ∈ H can be expressed as a convex combination of N (xi ),
X
X
xi =
λij xj ,
λij = 1,
λij ≥ 0.
(3)
xj ∈N (xi )

xj ∈N (xi )

For xi ∈ P , there are in general no λij with the above property. Since we do not
need ∆i , xi ∈ P , we ignore them.
Obviously, property (2) of discrete harmonic functions directly corresponds
to the local coordinate property (3), which we can rewrite as
X
0 = ∆xi =
λij (xj − xi ),
xi ∈ H.
(4)
xj ∈N (xi )

Thus, the coordinate functions of xi are harmonic functions on G with poles in
P . The local coordinates λij are coefficients in (4). If the positions in X change,
their smoothness with respect to the positions in X governs the smoothness of
the discrete Laplacian.
For |N (xi )| > 3, the λij are not unique. We discuss the choice of local
coordinates in the sequel.
4.1

Generalized Barycentric Coordinates in Polygons

In Del(X), each point xi ∈ H is contained in the kernel of the simple polygon formed by the points of the oriented neighborhood N (xi ), which allows the
computation of a wide spectrum of well-understood polygonal barycentric coordinates for xi . We consider cotangent- [5], Wachspress- [16], and mean value
coordinates [17], which we refer to by Λc , Λw , and Λm , respectively. Note that
Wachspress coordinates become negative in non-convex polygons. 1
1

In all our test cases, M was well defined.

The above are rational functions of the verxj+1
tices of the enclosing polygon with linear preciγij
xi
αij
sion on its edges. Polygonal barycentric coordiαij−1
nates smoothly depend on the vertices of the enβij
closing polygon, but in general do not agree if the
γij−1
xj
βij−1
enclosing polygon changes. This observation is important if the positions in X vary, as the neighxj−1
borhood in Del(X) may change with X.
We now give the definition of the barycentric Fig. 2. Angles used in comcoordinates used in our assessment.
putations.
Definition 4 (Cotangent coordinates [5]). Let βij , and γij denote the angles
as shown in Figure 2. Then,
λcij :=

λ̃cij
P
xk ∈N (xi )

λ̃cik

,

λ̃cij = cot(βij−1 ) + cot(γij )

is called cotangent coordinate of xi with respect to xj .
Definition 5 (Wachspress coordinates [16]). Let βij , and γij denote the
angles as shown in Figure 2. Then,
λw
ij =

λ̃w
ij
P
xk ∈N (xi )

λ̃w
ik

,

λ̃w
ij =

cot(βij ) + cot(γij−1 )
k xi − xj k2

is called Wachspress coordinate of xi with respect to xj .
Definition 6 (Mean value coordinates [17]). Let αij , denote the angles as
shown in Figure 2. Then,
λm
ij =

λ̃m
ij
P
xk ∈N (xi )

λ̃m
ik

,

λ̃m
ij =

tan(αij−1 /2) + tan(αij /2)
k xi − xj k

is called mean value coordinate of xi with respect to xj .
4.2

Natural Neighbor Coordinates

Natural neighbor coordinates are generalized barycentric coordinates which are
defined independent of any explicit adjacency on X, based on the implicit adjacency defined by the Voronoi diagram. However, the Delaunay triangulation is
dual to the Voronoi diagram, and the set N (xi ) coincides with the set of natural
neighbors upon which the coordinates are defined.
Three methods for the computation of natural neighbor coordinates are
known as Non-Sibsonian- [10], Sibson- [12], and Hiyoshi standard natural neighbor coordinates [13], which we refer to by Λn , Λs , and Λh , respectively. They
mainly differ in their smoothness with respect to xi .

(b)

(a)

(c)

Fig. 3. Homogeneous (upper row) and inhomogeneous (lower row) setting. (a) Graph
of the function g(x, y) = 13 x3 − xy 2 , (b) point distribution, (c) Delaunay triangulation
and values at the boundary.

Before defining natural neighbor coordinates, we need to introduce the Voronoi
diagram Vor(X) as the dual of Del(X) in the sense that each edge eVor
ij is dual
to eij and connects the circumcenters of two adjacent triangles. The polygon
formed by the circumcenters of the Delaunay triangles adjacent to xi is called
its Voronoi tile Ti .
Definition 7 (Non-Sibsonian coordinates [10]). Let k eij k and k eVor
ij k de,
then
note the lengths of eij and its dual eVor
ij
X

λnij = λ̃nij /
λ̃nik ,
λ̃nij = k eVor
ij k / k eij k
xk ∈N (xi )

is called Non-Sibsonian coordinate of xi with respect to xj .
Remark 2. Note that, given the same set of neighbors, cotangent coordinates
are by construction identical to Non-Sibsonian coordinates, which is shown in
[18]. Consequently, cotangent coordinates on Delaunay triangulations belong to
the family of natural neighbor coordinates.
Definition 8 (Sibson coordinates [12]). Let X = (x1 , . . . , xn ) ∈ R2 , and
(i)
X (i) := X \ {xi }. Let Ti be the Voronoi tile of xi in Vor(X), and {Tj }xj ∈N (xi )
the Voronoi tiles of its neighbors in Vor(X (i) ). Then, with | · | denoting the area
in R2 ,
(i)
λsij = |Ti ∩ Tj | / |Ti |
is called Sibson coordinate of xi with respect to xj .

(a) homogeneous,
cotangent

(b) homogeneous, (c) inhomogeneous, (d) inhomogeneous,
inverse distance
cotangent
inverse distance

Fig. 4. Delaunay triangulation of X in 2.5D, the z-axis representing the values of fi
for the solution based on cotangent coordinates in (a),(c), and the solution based on
inverse distance weights in (b),(d).

Hiyoshi standard coordinates emerge from a relationship by which one can express λsij as an integral over λnij in the context of power diagrams. The repeated
application of this integral relation leads to a whole family of local coordinates
with increasing order of smoothness. Because a complete definition of Hiyoshi
standard coordinates does not fit the scope of this paper, we refer the reader to
[13] and denote Hiyoshi C 2 (standard) coordinates by λhij .
Remark 3. In X, λnij are continuous, λsij are C 1 -smooth, and λhij are C 2 -smooth
with respect to xi . Although the definitions above are not directly applicable
for xi ∈ H ∩ C (X), they can be extended accordingly by a limit argument. For
xi ∈ P , this is not possible and λlij , λsij , λhij are not defined.
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Comparison

In this section, we first discuss the experimental approximation quality of discrete
harmonic functions based on one of the Laplacian discretizations presented in
Section 4. Then, we illustrate the difference between generalized barycentric coordinates on polygons and natural neighbor coordinates in Laplacian discretizations on point sets with variable positions.
5.1

Experimental Approximation Quality

We now compare discrete harmonic functions computed using the Laplacian discretizations based on coordinates from Section 4 by considering function values
sampled from the harmonic function
g(x, y) =

1 3
x − xy 2
3

over the domain Ω = [0.3, 1.3] × [0.1, 1.1] to compute approximate solutions f • ,
• ∈ {c, w, m, n, s, h} to the Laplace equation with boundary conditions sampled
from g. The graph of g is depicted in Figure 3(a). To illustrate the effect of a

Coordinates used
for approximation

Homogeneous
point distribution
RMS
MAX
Non-Sibsonian coordinates 7.08e-8 1.08e-3
Sibson coordinates
2.53e-6 3.65e-3
Hiyoshi coordinates
5.78e-6 5.44e-3
Cotangent coordinates
7.08e-8 1.08e-3
Mean value coordinates
5.60e-6 4.85e-3
Wachspress coordinates
2.53e-5 1.10e-2
Inverse distance weights
5.43e-4 9.32e-2

Inhomogeneous
point distribution
RMS
MAX
3.22e-7 3.88e-3
1.92e-6 4.20e-3
3.57e-6 4.66e-3
3.22e-7 3.88e-3
7.37e-6 7.04e-3
2.09e-5 1.18e-2
8.76e-4 8.09e-2

Table 1. Comparison of root mean square (RMS) error and maximum absolute deviation (MAX) for the per-point error |f (xi ) − g(xi )|.

Laplacian discretization that does not arise from barycentric coordinates but still
tries to capture the spatial relation between the nodes, our comparison includes
inverse distance weights,
X
−1
λid
/
kxi − xk k−1 .
ij := kxi − xj k
xk ∈N (xi )

We choose two distributions of |X| = 480 points in Ω: homogeneous as in Figure 3(b), top row, and inhomogeneous as in Figure 3(b), bottom row, which
helps examine the influence of how well the domain is covered by sample points.
In Figure 3(c) the Delaunay triangulation and the imposed boundary conditions
are shown.
Table 1 shows the analysis of the per-point errors and indicates that NonSibsonian- and cotangent coordinates yield the lowest error, while the others are
worse by orders of magnitude. Furthermore, it seems that this discrepancy is
less prominent in the inhomogeneous setting for natural neighbor coordinates.
Figure 4 shows the visual comparison of f c and f id . The results obtained
using any of the local coordinates in the Laplacian discretization are visually
indistinguishable from the exact solution sampled from g (Figure 4(a) and (c)).
As Figure 4(b) and (d) show, there are considerable distortions if the coordinate
functions are not harmonic as with Λid .
5.2

Varying Positions

We are now interested in how discrete harmonic functions based on the different
Laplacian discretizations behave if the positions of the point set vary. Figure 5(a)
shows Del(X) for a simple setting with | H | = 4, | P | = 10, which we deliberately choose to contain three sets of cocircular points. We assume the origin
in the center of the dataset and shear the points in the direction indicated by
the arrows, thus causing the ambiguous diagonals to flip between two possible
positions as indicated by the dashed lines. Note that such flips occur in any

(a)

(b)

(d) Wachspress coordinates

(c) Non-Sibsonian coordinates

(e) mean value coordinates

Fig. 5. (a) With the origin at the center of the data set and shear in the direction indicated by the arrows, the ambiguous Delaunay triangulation flips between two possible
diagonal directions, depicted by the dashed lines. (b) The thick dots denote the values
imposed as boundary condition, the interior four vertices are to be computed. (c)-(e)
The thick dots indicate the computed discrete harmonic function values at the vertices
of the triangulation. The left and right pictures show the values for the two different
diagonal directions. Note the jumps in (d), (e) which does not occur in (c).

triangulation if the deformation of the point set is big enough. Because the alternating boundary values shown in Figure 5(b) are horizontally symmetric, the
discrete harmonic function should be, too.
Figure 5 shows the results of computing the discrete harmonic function on
the point set under a shearing deformation, just before and after the diagonal
flip. The results for cotangent, Non-Sibsonian, Sibson, and Hiyoshi standard coordinates are visually indistinguishable, which is why we only show one representative picture in Figure 5(c). First, notice how both Wachspress in Figure 5(d)
and mean value coordinates in Figure 5(e) result in an asymmetric harmonic
function in spite of the symmetry in the point set and the values. As long as
the triangulation stays the same, the harmonic function for all approaches continuously follows the deformation. As a result of the diagonal flip, however, the
polygonal coordinates show a discontinuous change in the harmonic function,
which is not the case for natural neighbor coordinates.

6

Conclusion

In this paper, we have compared different discretizations of the Laplacian, applied to the computation of discrete harmonic functions from prescribed boundary values. To this end, we used the Delaunay triangulation and generalized
barycentric coordinates in the Delaunay neighborhoods and focused on two
classes of coordinates, defined on polygons and on natural neighbors.

First, we assessed the approximation quality by sampling the boundary values
from a known harmonic function and comparing it to the computed discrete harmonic function. Although all approaches based on generalized barycentric coordinates provide acceptable results, we found that those based on Non-Sibsoniancoordinates, which are in our setting identical to cotangent coordinates, have
the lowest approximation error and that by several orders of magnitude.
Second, we used a point set with fix boundary values but variable positions
to analyze the effect of triangulation changes on the discrete harmonic function.
We have showed that except for cotangent coordinates, those based on polygons
yield discontinuous changes in the harmonic function under modifications in the
triangulation. The reason for cotangent coordinates to behave differently lies in
their equality to Non-Sibsonian coordinates if computed on a Delaunay triangulation, thus effectively representing natural neighbor coordinates. The latter
always admit harmonic functions that continuously change with the positions of
the point set, making them especially suited for application on variable point
sets.
We are positive that within an appropriate framework these results also apply
to the manifold case. One promising method is that of [19] which provides a
setting similar to the one we used in this paper on manifolds.
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